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Abstract
A zero-dimensional analogue of Witten’s global gauge anomaly is considered. For
example, a zero-dimensional reduction of the two-dimensional SO(2N) Yang-Mills the-
ory with a single Majorana-Weyl fermion in the fundamental representation suffers
from this anomaly. Another example is a zero-dimensional reduction of two- and three-
dimensional SU(2Nc) Yang-Mills theories which couple to a single Majorana fermion in
the adjoint representation. In this case, any expectation value is either indeterminate
or infinite.
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In the present note, we consider integrals of the form∫
dµ(A)O(A)
∫
dχ eχ
TAχ =
∫
dµ(A)O(A) Pf(A), (1)
where A is a 2N × 2N anti-symmetric matrix, χ is a Grassmann-odd 2N -column vector and
O(A) is a function of A.
Suppose that there exists a certain matrix g ∈ O(2N) such that
dµ(gTAg) = dµ(A), O(gTAg) = O(A). (2)
Suppose further that det g = −1. Then we have
Pf(gTAg) = (det g) Pf(A) = −Pf(A), (3)
where the first equality follows from the definition of the pfaffian (or by considering the
jacobian associated with the change of the integration variable χ → g−1χ), and hence the
integral (1) identically vanishes. The expectation value of the function O(A), defined by
〈O〉 =
∫
dµ(A)O(A)
∫
dχ eχ
TAχ
∫
dµ(A)
∫
dχ eχ
TAχ
, (4)
is then indeterminate, being 0/0.
The integral (1) can be regarded as a functional integral in a zero-dimensional gauge
field theory in which a “Majorana fermion” χ is coupled to a “gauge potential” A. The
Grassmann variable χ is regarded as a Majorana spinor, because the conjugate variable χ
does not appear in the integral. Interestingly, this simple integral represents an analogue
of Witten’s global gauge anomaly.1) Firstly, for the global gauge anomaly to exist, there
must exist an element of the gauge transformation that cannot be continuously deformed
into the identity. This requires that pid(G) be non-trivial in d dimensions, where G is the
gauge group. In zero dimensions, this would correspond to pi0(G) 6= 0, which requires that
G have disconnected components. The group O(2N) in fact has two components, one with
det g = +1 and another with det g = −1. For elements in a component connected to the
identity, we have the invariance of the Majorana pfaffian expressed by Pf(gTAg) = Pf(A)
(which can be regarded as an analogue of the absence of the local gauge anomaly for Majorana
fermions), while for elements in the component with det g = −1, we have the non-invariance
expressed by Pf(gTAg) = −Pf(A). One may also consider a spectral flow of eigenvalues of A
along a one-parameter family At = (1−t)A+tgTAg. The pfaffian Pf(A), which is the square
root of detA, changes sign along the one-parameter family At. Secondly, in 8k dimensions, a
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single Majorana fermion cannot have a Lorentz invariant mass term, and there is no obvious
way to apply a gauge invariant Pauli-Villars regularization. In fact, the Majorana fermion
in 8k dimensions is equivalent to the Weyl fermion in a real representation, and the latter
may suffer from the global gauge anomaly.2) (Pseudo-real representations, by contrast, are
free from the global gauge anomaly.3)) Certainly, the case of zero dimensions is a trivial
realization of the general case of 8k dimensions, and therefore we expect that in this case
something similar to the global gauge anomaly exists. Finally, if the integral is generalized
to include several copies of χ as
∫ ∏
i dχi e
χTi Aχi, the above argument applies only when the
number of χi is odd.
Let us consider a possible application of the above observation. An integral of the form (1)
may emerge through the dimensional reduction to zero dimensions4) of higher-dimensional
gauge theories which contain the Majorana or Majorana-Weyl fermion. In this sense, this
integral represents a kind of matrix model. The simplest example that exhibits the above
phenomenon is obtained through the dimensional reduction of the two-dimensional SO(2N)
Yang-Mills theory with a single Majorana-Weyl fermion in the fundamental representation.
The dimensional reduction to zero dimensions is given by
∫
dA dAetr{[A,A]
2}O(A,A)
∫
dχ eχ
TAχ, (5)
where A and A represent 2N × 2N real anti-symmetric traceless matrices. The function
O(A,A) is assumed to consist of a combination of traces of a polynomial in A and A.
Note that the Majorana-Weyl fermion in two dimensions has a single spinor component,
and it couples to only one of two components of the gauge potential, due to the chiral
projection. The measure dA dAetr{[A,A]
2} and the function O(A,A) are invariant under the
transformations A → gTAg and A → gTAg for any g ∈ O(2N). However, the pfaffian
is not invariant, as Pf(gTAg) = −Pf(A) for any g satisfying det g = −1, for example
g = diag(1, 1, . . . , 1,−1). Thus the integral (5) identically vanishes. We may say that the
system (5) suffers from the global gauge anomaly in zero dimensions. The original two-
dimensional system, before the dimensional reduction, suffers from a local (or perturbative)
gauge anomaly, and thus is inconsistent. One might think that nothing pathological happens
after the dimensional reduction to zero dimensions, but we have demonstrated that in fact
this is not the case.
As a more complicated example, consider a zero-dimensional reduction of a higher d-
dimensional Yang-Mills theory which contains a single Majorana fermion [thus d is either
0, 1, 2, 3 or 4 (mod 8)]. We assume d ≥ 2. A dimensional reduction to zero dimensions is
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given by ∫ (∏
µ
dAµ
)
eS(A)O(A)
∫
dχ eχ
TBγµAµχ, (6)
where B is the charge conjugation matrix such that (Bγµ)
T = +Bγµ, and Aµ denotes the
gauge potential in the gauge-group representation (which must be real and anti-symmetric)
of the Majorana fermion. As a whole, the combination BγµAµ is anti-symmetric, as it should
be.
If the gauge representation of the Majorana fermion is r dimensional, the Grassmann
variable χ is a 2[d/2]r-column vector. We assume the structure
g = h⊗ k, (7)
where the factor h acts on the spinor indices (and is thus a 2[d/2] × 2[d/2] matrix) and k acts
on the gauge indices (and is an r × r matrix). We thus have
det g = (det h)r × (det k)2
[d/2]
. (8)
The matrix g must be orthogonal. This requires that both h and k be orthogonal, and thus
det h = ±1 and det k = ±1. Since 2[d/2] is always even for d ≥ 2, det g = −1 can be realized
only if det h = −1 and r is odd. Thus we have to find an appropriate h (which acts on the
spinor indices) such that det h = −1 and the measure (
∏
µ dAµ) e
S(A) is invariant under the
action of h on BγµAµ. As a general feature of S(A), in addition to the gauge invariance, we
could assume invariance under d-dimensional rotations and reflections. A rotation is induced
by h = eθµν [γµ,γν ], and for this we have det h = +1. A reflection is induced by h ∝ γµ, and
it turns out that det h = −1 is possible only for [d/2] = 1. Thus, cases in which we can
obtain det g = −1 in this way are limited to d = 2 and d = 3. For example, consider a zero-
dimensional reduction of the three-dimensional SU(2Nc) Yang-Mills theory which couples to
a single Majorana fermion in the adjoint representation∗) (i.e., the dimension of the gauge
representation r = 4N2c − 1 is always odd). In the representation γ0 = σ1, γ1 = σ2, γ2 = σ3
and B = σ2, where σi is a Pauli matrix, we can set g = γ0 ⊗ 1. Then we have det g = −1,
and BγµAµ → gTBγµAµg induces the reflection A0 → −A0, A1 → A1 and A2 → A2. The
“action” S(A) = tr{[Aµ, Aν ][Aµ, Aν ]} is invariant under this reflection. This shows that the
integral (6) with any reflection invariant function O vanishes. In particular, the “partition
function”, for which O = 1, identically vanishes. Thus, any expectation value normalized by
∗) This is a zero-dimensional reduction of the N = 1 SU(2Nc) super Yang-Mills theory in three dimen-
sions. This system was studied5) in the context of the IIB matrix model6) for the superstring theory, and
it is known that the partition function vanishes (i) to one-loop order for all Nc and (ii) exactly for Nc = 1.
Our present argument provides a simple explanation of this fact for all Nc.
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the partition function is either indeterminate or infinite. In a similar way, we find the same
situation for the dimensional reduction of the two-dimensional SU(2Nc) Yang-Mills theory
that couples to a single Majorana fermion in the adjoint representation.
In the present note, we have considered a zero-dimensional analogue of the global gauge
anomaly. We found that a zero-dimensional reduction of some two- and three-dimensional
gauge field theories suffers from this anomaly. Certainly Eq. (1) does not constitute a
field theory. However, Eq. (3) is quite suggestive for a possible global gauge anomaly in
higher-dimensional gauge field theories that contain the Majorana fermion. The functional
integral over the Majorana fermion in such a system results (at least formally) in a pfaffian
Pf(BγµDµ), where Dµ is the covariant derivative. In 8k and 8k + 1 dimensions, there is
no obvious way to regularize this pfaffian in a gauge invariant manner,∗) because a single
Majorana fermion in 8k or 8k + 1 dimensions cannot have a Lorentz invariant mass term.
There is thus a possibility that the Majorana fermion in such number of dimensions exhibits
the global gauge anomaly. Equation (3) indicates that this occurs if there exists an element g
of the gauge transformation satisfying
Det g = −1, (9)
where Det denotes the determinant with respect to spinor, group and spacetime indices. The
matrix g must be orthogonal (because the gauge representation of the Majorana fermion
must be real), and thus (Det g)2 = Det(gTg) = 1 and (at least formally) Det g = ±1.
Therefore, if we define Det g = +1 for the identity g = 1, the pfaffian is invariant under gauge
transformations which can be smoothly deformed into the identity. It is thus necessary that
pid(G) be non-trivial for Det g = −1, as in the case of the global gauge anomaly associated
with Weyl fermions.1) We believe that it is possible to evaluate the determinant Det g (with
an appropriate regularization) and examine the global gauge anomaly associated with the
Majorana fermion in 8k- and 8k + 1-dimensions. We hope to come back to this problem in
the near future.
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Note added
It is possible to show8) that the Majorana fermion in 1 dimension in fact suffers from the
global gauge anomaly, following a calculation in exercise 5.8 of the first reference of ref. 9).
We would like to thank Roman Jackiw for calling this reference to our attention.
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